Groupoid Basics ssp, April 2004

Categories Recall that a small category C consists of sets of objects Obe
and morphisms More such that there is a morphism id4 for every object
A, every morphism ¢ has a source object s(p) and a target object t(¢),
morphisms ¢ and 1) can be composed if t(¢) = s(p) where this composition
is associative:

S id
More ¢ X s Morg >— More ——= Obe —— More
t

We say that ¢ is as morphism from an object A to an object B, if s(p) = A
and t(¢) = B and denote the set of all such morphisms as Mor¢ (A, B).

Definition A groupoid is defined to be a category in which every morphism
is an isomorphism. That is, we have a map i : More — Mor¢ that assigns to
every morphism its inverse. Thus we can extend the diagram above to be:

R . .
Morge ¢ X s Morg “— More ——= Obg —= More —— Morg
t

If Mor¢(A, B) is non-empty for any two objects, A and B, the groupoid is
said to be connected or transitive. In this case all objects and their auto-
morphism groups are isomorphic. Sometimes the objects of C are referred
to as vertices and their automorphism groups as vertex groups.

Relation to groups The most basic example for a groupoid is a group.
Given a group G, we can define a groupoid G with a single object *x and
Morg = G where composition of maps is given by the group’s multiplication.
In fact, every connected groupoid is equivalent as a category to a groupoid
of this form.

Proof: Let C be a connected groupoid with automorphism group Gj
let G be the groupoid for G. Every set of morphisms Mor¢(A, B) is in
bijection with the automorphisms of any object by virtue of composition of
morphisms. Now, choose

1. a designated object O of C,

2. for every object A an element p4 0 € Mor¢(A4, O) and

3. a group isomorphism 7 : More (O, O) = Morg (%, %) ~ G



Using these — non-canonically chosen — data we can define bijections ap 4 :
Mor¢(X,0) — Morc(O,O) by mapping ¢x,0 — ido and then extending
this definition using post-composition with automorphisms of O. Using
connectedness of the groupoid and invertibility of the morphisms, this gives
rise to bijections aq g : Mor¢(A, B) — Morc (O, O) for any pair of objects
A, B by 05000 = 0aB-

Diagrams

Morc(B, C) x More (A, Bf —— Morc(A,C) ,

aB,chA,Bl JO‘A,C

Mor¢ (O, O) x More (O, O)L —— More(0, 0)

where 1 is the multiplication in the automorphism group Morg (O, O) ~ G,
commute, ensuring that the definition is compatible with composition.
In this setup define functors

F:C—¢G Ar— % Mor¢ (A, B) > f+— Taa B(f)
H:G—C  ++—0  Morg(x %) 3g——1"(g)

and show that there are natural isomorphisms FH = idg and HF = id¢
to prove equivalence of the categories C and G. where id¢ and idg are the
identity functors on C and G respectively.

Diagrams
* = FH(*)%FH(*) = %
id*J J/ld*
x = idg(¥) —————— idg(%) = %
idg(g)

commute for any g € Morg(,*) as FH(g) = Tap.or 1(g) = g for ap.o =
idp, proving the first direction. To show the second, consider

o— R Y S mpm)y —o (1)
ﬁAJ 9B
X = ide(A) —————idce(B) =0

where V¢ = aa}c(ido). As we have for f: A — B a commutative diagram

0 aa,B(f) 0
@o,AJ’ ¥0,B
A — B



and pp o = idp it follows that

I9pHF(f) = (ag}B(ido))T_lTOéA,Bf

-1 -1
= ap,p¥o,pfPo.a
= f(pO,Aa

thus fis = faa}A(ido) = fcpoﬁxidogoalo = fyo,x and hence the diagram
1 commutes. As the ¥¢ = ozalc(ido) = po,cpo,0 are invertible, the equiv-
alence of categories is shown. O

Examples There are plenty of examples for groupoids. One would be the
category with morphisms being paths in a space X up to reparametrisation
where the source and target maps are evaluation at 0 and 1 respectively.

More examples and further discussion are given in the introductory text
by Weinstein [2] and the more in-depth survey by Brown [1].
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